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ABSTRACT
The investigation reported herein was conducted to determine whether
or not the stress at which yielding starts in the most-stressed fibers of
a steel member subjected to uni-axial stress which is distributed non-
uniformly on a section of the member is larger than the stress at
which yielding starts in the same material when the uni-axial stress
is distributed uniformly.
The experimental results reported in this bulletin show that, ex-
cept to a small degree in one specimen, the stress required to start
yielding in the presence of a stress gradient was not higher than was
required in a uniform stress field. The inconsistencies concerning the
effect of a stress gradient on the initiation of yielding in steel as re-
ported by various investigators are attributed herein to two main
factors: (a) difficulties of determining the load at which yielding
started in the most-stressed fiber, and the resulting erroneous inter-
pretation of the test data; and (b) the varying stress levels at which
an upper yield point phenomenon may be exhibited by some steels
under different stress conditions.
After setting forth preliminary information, the bulletin is divided
in two parts. Part I deals mainly with the beginning of yielding in
members with non-uniform stress distribution when the material does
not exhibit an upper yield point. Part II considers the effect exerted
on the beginning of yielding by an upper yield point in addition to a
stress gradient.
There are reported in Part I the results of tests on several mild
steel and annealed high carbon steel beams which represented members
in which the non-uniform stress distribution was linear, and also the
results of tests on a mild steel tension member containing a hole, a
notch, and fillets in which the stress distribution was non-uniform and
non-linear. Furthermore, an analytical study is made of the problem
of yielding in beams.
In Part II is considered the effect of an upper yield point on the
beginning of yielding in steel beams. If the material exhibits an upper
yield point, it is found that the stress required to initiate yielding in the
most-stressed fibers of the beam will probably be greater than that
required to initiate yielding in a tension specimen. However, the
upper yield point values obtained in each case are unstable and un-
predictable and should not be relied upon in design. Part II also con-
tains an aflalysis of the results of previous investigators, in the light
of information brought out in the discussion of yielding in beams at
an upper yield point stress.
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THE EFFECT OF NON-UNIFORM DISTRIBUTION OF STRESS
ON THE YIELD STRENGTH OF STEEL
I. INTRODUCTION
1. Preliminary Statement.-There has been rather wide acceptance
of the assumption that the material in a ductile metal member sub-
jected primarily to uni-axial stress starts to yield or attains a small
measurable amount of yielding (inelastic or plastic deformation) at a
given stress, regardless of the manner of distribution of stress on the
cross-section of the member. This stress at which a small measurable
amount of yielding occurs may be designated as the yield stress or
yield strength* of the material as found from a test of a standard
tensile test specimen in which the stress distribution on any trans-
verse section is approximately uniform.
In recent years, however, the results of a number of investigations
have been reported which have been interpreted as showing that the
foregoing assumption is not true but, rather, that in a steel member
subjected to uni-axial stress which is distributed non-uniformly,t
yielding of the material at the most-stressed fiber does not occur until
a stress is reached which is appreciably larger-in some cases much
larger-than the yield stress for the material as obtained from a
member subjected to uniformly distributed stress. In other words, the
results of such investigations appear to show that when the stress is
non-uniformly distributed on a cross-section of a member, an "elastic"
stress can be built up in the most-stressed fiber which is greater than
the stress at which yielding starts in a member subjected to uniformly
distributed stress such as occurs in a standard tension test specimen.
For example, in 1931 Fujio Nakanishi(1): interpreted the results
of his investigation of the yielding of steel beams in which the stress
distribution was linear as indicating that the stress at which yielding
began in the most-stressed (outer) fibers of the beam reached a value
1.26-1.70 times the yield point stress as determined by a standard
tension specimen of the same material; the value of the yield stress in
the beam varied with the shape of the cross-section of the beam.
In the same year G. Cook(2 ) investigated the yielding of steel beams
and thick-walled cylinders, and came to the following conclusion: "It
is shown that the maximum shear stress at the initial yield point is
* If the material possesses the special property of yielding without increase of stress, the
yield stress is called the "yield point."
tAs in a beam or in an axially loaded tension member containing a groove, hole, or fillet.
: The numbers in parentheses refer to items in the Bibliography.
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consistently higher in the non-uniform distributions of stress than in
uniform tension."
In the same year also, G. Bierett"3 investigated the yielding of a
large steel eyebar under axial loading. He concluded that measurable
yielding near the most-stressed fiber (close to the edge of the hole of
the eyebar) did not occur until the stress at this fiber had reached a
value 2.7 times the proportional limit found from the test of a
standard tension specimen taken from the understressed portion of the
eyebar after the eyebar had been tested.
Other similar references, especially in German publications, could
be cited; and recently-in 1945 and 1946-two additional though less
extensive investigations 4, 5) have been reported whose conclusions
agree substantially with those given in the preceding paragraphs.
The results of the investigation reported in this bulletin, however,
show that except to a small degree in one specimen the stress required
to start yielding in the presence of a stress gradient was not higher
than required in a uniform stress field. The seeming inconsistency
found in the behavior of mild steels under the different stress con-
ditions is attributed herein to two main factors: (a) erroneous in-
terpretation of the test data as a result of difficulties of detecting the
load at which yielding started in the most-stressed fiber; and (b) the
varying stress levels at which an upper yield point phenomenon may
be exhibited by some steels under different test conditions.
2. Acknowledgments.-This investigation was conducted as a part
of the work of the Engineering Experiment Station of the Uni-
versity of Illinois, of which DEAN M. L. ENGER is the director, in the
Department of Theoretical and Applied Mechanics, of which PRO-
FESSOR F. B. SEELY is the head.
The major portion of the investigation was carried out by Mr.
Sidebottom under the direction of Dr. Morkovin, in satisfying the re-
quirement for a thesis for the degree of Master of Science. The project
was under the general supervision of Professor Seely, who suggested
the problem and helped in interpreting the results and in preparing
the manuscript for this Bulletin. Acknowledgment is also made to
DR. V. P. JENSEN for his help in the theoretical analysis of yielding
in beams and to H. C. ROBERTS and DR. J. 0. OSTERBERG for their
advice and assistance in the use of electrical strain gages.
3. Purpose of Investigation.-This investigation sought to clarify
the seeming contradiction between the two views concerning the effect
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of non-uniform stress distribution on the beginning of yielding in
steel. Factors other than the stress gradient that may influence the
stress at which yielding starts, such as cold working and strain aging
of the material, bi-axial and tri-axial states of stress, high or low
temperature, and speed of straining, were not considered in the in-
vestigation.
There is no uncertainty about the statement that the maximum
safe static load that can be applied to a ductile steel member subjected
to non-uniform distribution of stress is larger than the load that causes
a stress in the most-stressed fiber equal to the yield point of the ma-
terial (which is found from the standard tension test). The only
uncertainty concerns the truth of the assertion that the greater load re-
sults from or is accompanied by an "elastic" stress in the most-stressed
fibers which is greater than the yield point of the material.
This greater load might be explained by the hypothesis that the
most-stressed fibers always yield when the stress in these fibers reaches
the yield point of the material but that, since the yielding occurs in a
very small portion of the member and is accompanied by an ad-
vantageous readjustment of stress in which the understressed ma-
terial is required to take increased stress, the effect of the yielding may
not be detected by a change in the structural behavior of the member
as a whole. In other words, structural damage to the member (meas-
urable distortion of the member as a whole) under static loads may not
occur until the load reaches a value sufficiently large to cause yielding
not only in the most-stressed fibers of the member but in the fibers
to a measurable depth of the member.
4. Significance of Investigation.-It is felt that the solution of the
problem will furnish basic information needed for a correct under-
standing of the action that occurs in load-resisting ductile metal mem-
bers. The importance of correct information is emphasized by the
fact that technical authors have accepted the statement that the
stress necessary for yielding is higher when a gradient exists than
when the stress is uniform, and have tried to use it to explain or predict
the structural behavior of materials under rather widely varying con-
ditions. Thus, it has been used to explain the effect of repeated load-
ing even though structural damage to members subjected to such
loading results from the formation and gradual spreading of a highly
localized fracture (fatigue crack) rather than from the yielding of
a considerable portion of the member.
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II. MATERIALS, AND METHOD OF TESTING
5. Materials Used.-Two types of steel were used in the bending
tests-a mild steel, and a relatively high carbon annealed rail steel
which did not possess a yield point.
The mild steel beams were obtained from two different members.
The first, designated as A, was a commercial mild steel slab 1.5 in. by
6 in. in cross-section and 9 ft. long. The second, designated as S, was
another mild steel slab 1 in. by 18 in. in cross-section and 40 ft. long.
The portions of these members from which test specimens were made
were annealed by heating to 1600 deg. F. and cooling in the furnace;
the material 1.5 in. thick was held for 2 hr. at the annealed tempera-
ture, and the material 1 in. thick was held for 1 hr. The high carbon
steel specimens were machined from the head of an annealed railroad
rail. Five beams were machined from the steels above mentioned; they
are designated as follows-AB1 and AB2 from mild steel A, SB1
from mild steel S, and RB1 and RB2 from the rail steel.
Mild steel was also used to investigate the manner in which yield-
ing was affected by a stress distribution involving a stress gradient
considerably greater than that in a beam. The member tested (Fig. 2)
consisted of a structural steel plate 2 in. by 12 in. in cross-section
and 6 ft. long. It contained stress gradients caused by a hole 2 in. in
diameter, a hole 4 in. in diameter, grooves 3 in. deep with a radius
of 1 in., and fillets with a radius of 1 in.
6. Test Specimens, Strain Gages, and Method of Testing.-The
five beams tested were machined to a rectangular cross-section in a
shaper and then polished sufficiently to remove the tool marks. The
dimensions of each of these beams are given in Table 1.
All the beams were loaded at quarter points, as shown in Fig. 1,
TABLE 1
DIMENSIONS OF BEAMS TESTED
Beam
AB1
AB2
SB1
RB1
RB2
Width b,
in.
1.37
1.36
0.97
1.13
1.13
Depth h,
in.
3.76
3.74
3.54
2.25
2.10
Number of Gage
Lines Across
Depth of Beam
15
15
None
11
11
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so that a constant bending moment existed in the central half of a
22.5-in. span. The load was applied to each beam by an Olsen screw-
type testing machine having a capacity of 100,000 lb., and the load
was indicated by the dial of the pendulum type of load-measuring
apparatus. The load was applied at the load points, located 31/8 in.
from the nearest gage holes, through hardened steel cylinders of 2.5-in.
diameter. A Berry strain gage using a 5-in. gage length was employed
for measuring longitudinal strains on one vertical face of beams AB1,
AB2, RB1, and RB2. The number of gage lines on each beam is listed
in Table 1.
FIG. 1. METHOD OF LOADING BEAMS
It is assumed that the yielding which constitutes structural damage
to the beam is the yielding over a rather long gage line, such as 5 in.
The yielding may be heterogeneous (see Fig. 22) rather than uniform,
but the average of such non-uniform yieldings as are obtained by
measurement of strain along a relatively long gage line is considered
to be the significant quantity in judging the structural damage to the
beam as a result of yielding. This matter is discussed in Section 19.
In the test of the mild steel beam SB1, strains on the upper and
lower faces of the beam in addition to the strains on one vertical face
were measured by the use of Baldwin SR-4 wire resistance gages
using a 1-in. gage length. In addition, two Huggenberger gages were
placed halfway between the neutral surface and the upper and lower
faces of the beam.
In the test of each beam the procedure followed was as listed below:
(1) An initial load of 1000 lb. (designated as no-load) was applied
to the beam.
(2) The initial strain gage readings were taken.
(3) An increment of load was applied.
(4) Strain readings were again taken.
(5) The load was reduced to the no-load value.
(6) Strain readings were taken a third time.
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(7) The process was repeated until considerable yielding of the
beam had occurred.
In the test of the tension member
containing stress concentrations (Fig. 2),
the surfaces were left in the as-machined
condition. The strains were measured by
SR-4 wire resistance electrical gages,
using a 1-in. gage length for some parts
of the member and a 4 -in. gage length
for other parts. At some locations, in
conjunction with the SR-4 gages, an
Olsen-De-Shazer strain gage using a
1-in. gage length was also employed.
The location of the gage lines for the
several gages is shown in Fig. 15. An
initial load of 10,000 lb. was taken as
the no-load value; the procedure of test-
ing was the same as that stated above
for the beams. The member was loaded
in a screw-type testing machine of 600,-
000-lb. capacity, and the load was meas-
ured with the beam and poise.
7. Properties of the Materials. - In
order to determine the effect of a non-
uniform stress distribution upon yield- " T^
ing, it was first necessary to determine, FIG. 2. DIMENSIONS OF
from tension and compression tests, the THE MILD STEEL PLATE
lower yield point for each of the mild TENSION SPECIMEN CON-
TAINING RELATIVELY HIGH
steels used and the yield stress of the STRESS GRADIENTS
annealed rail steel.
The tensile or compressive stress-strain diagram for mild steel may
have one of two general shapes. It may be similar to curve OBDC of
Fig. 3 - in this case an upper yield point is present - or to curve
OADC, if yielding starts at the lower yield point.
In this investigation the significant yield stress for mild steel was
considered to be the value of the lower yield point rather than an
upper yield point. The decision was based primarily on the results and
conclusions set forth by previous investigators' , 2, 6, 7, 8, 9); for, though
any mild steel tension specimen can probably be made to exhibit an
upper yield point, the magnitude of that stress is unpredictable. It
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depends on such factors as (a) the speed of testing, (b) the rigidity
of the testing machine, (c) the alignment of the specimen in the ma-
chine, (d) the radius of fillets, (e) the surface scratches, (f) the
residual stresses in the specimen, and (g) the discontinuities in the
material.
I'
Strf/t? £
FIG. 3. TYPICAL STRESS-STRAIN DIAGRAM FOR A STEEL
EXHIBITING AN UPPER YIELD POINT
As previously noted (page 3), the influence of an upper yield
point on the stress at which yielding starts in a member subjected to
non-uniform stress distribution is discussed in Part II of Chapter III,
in connection with the analysis of the results given by other investi-
gators. The material in the members considered in Part I of Chapter
III did not exhibit an upper yield point, except to a minor degree for
one of the mild steel beams.
The value of the lower yield point of each of the mild steels tested
was found to vary somewhat at different locations in each member.
For this reason, tension specimens which contained the most-stressed
fibers of the mild steel members were sawed out after the members
had been tested under non-uniform stress distribution. In the beams,
the most-stressed fibers were the upper and the lower; in the tension
member containing the abrupt changes in section, they were adjacent
to the 4-in. hole, the grooves, and the fillets.
It might seem undesirable to use, for determining the yield point
of the material, a specimen that had already yielded. Brief study of
the stress-strain diagram shown in Fig. 3, however, will make clear
that such a procedure is legitimate. The abscissa to the point D of that
diagram represents approximately the yielding to which these fibers
had been subjected in the tests of the members having a non-uniform
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TABLE 2
YIELD POINTS OF MILD STEEL MEMBERS-
UNIFORMLY DISTRIBUTED STRESS
Member
Beam AB1
Beam AB2
Beam SB1
Tension member
containing abrupt
changes in section
at 4-in. hole
at groove
at fillet
Tensile Yield
Point oy,
p.s.i.
28 400
28 400
31 000
27 790
26 350
28 100
distribution of stress. Thus, when a specimen containing these fibers is
tested in tension, the stress-strain diagram obtained is represented by
EDC, and the lower yield stress ay of the material is the same as the
value that would be obtained if each of the fibers had been tested as a
tension specimen before it had been plastically deformed in the member
from which it was taken.
The yield points of the mild steel members for uniformly dis-
tributed stress are given in Table 2. Each of the values represents an
average of the lower yield point as determined from static tensile tests
of several specimens. For mild steel A, the tension specimens were ma-
chined from the compression as well as the tension side of the beam.
0.003 0.004 0.
S&ra/r' e
0f5 0006 0007 0.008
FIG. 4. COMPOSITE STRESS-STRAIN DIAGRAM OF ANNEALED RAIL STEEL
8-
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The yield point did not vary appreciably across the depth of the beam.
For mild steel A, also, two compression specimens were tested, and the
lower yield point in compression was found to be equal to the lower
yield point in tension.
In the case of the rail steel, tension and compression specimens
were taken from the rail head adjacent to the portion used for the
beam tests. Three specimens were tested in tension, and one in com-
pression. The composite stress-strain diagram for these four specimens
is shown in Fig. 4. The yield stress for this material with uniform dis-
tribution of stress is considered to be the stress corresponding to the
intersection of the two straight lines drawn through the plotted stress-
strain data. As shown in the figure, the yield stress for rail steel and
the corresponding yield strain are
a<r = 58,500 p.s.i. £, = 0.00195,
and the modulus of elasticity as found by the use of two Huggenberger
gages, one on each side of the specimen, using a 4-in. gage length in
tension and a 2-in. gage length in compression, is approximately
30,000,000 p.s.i. in both tension and compression.
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III. THEORETICAL AND EXPERIMENTAL DETERMINATION
OF YIELD STRENGTHS
PART I: THE BEGINNING OF YIELDING IN MEMBERS IN WHICH
AN UPPER YIELD POINT PHENOMENON DID NOT OCCUR
8. Scope of Part I.-The stress in the most-stressed fiber of a steel
member at which yielding starts may be influenced by the upper yield
point phenomenon. This phenomenon in mild steel may explain in part
the results found in some of the investigations referred to in Section 1.
For this reason the discussion presented herein is divided in two parts.
In Chapter III, Part I, are reported the results of an experimental and
theoretical analysis of the beginning of yielding in members in which
the material did not exhibit an upper yield point, whereas in Part II
of Chapter III an explanation is given of the effect exerted on the be-
ginning of yielding in beams by an upper yield point phenomenon,
together with an analysis of the results of other investigations.
The experimental results reported in Part I were obtained from
tests of steel beams involving linear distribution of stress, and of a steel
member containing stress distributions involving stress gradients or
stress concentrations caused by a hole, a groove, and a fillet of rela-
tively large radii.
THE BEGINNING OF YIELDING IN A BEAM IN WHICH
STRESS DISTRIBUTION WAS LINEAR
9. Introduction to the Problem.-A steel beam of constant rec-
tangular cross-section was used to represent a member with a non-
uniform (linear) stress.distribution having a relatively small stress
gradient on the transverse cross-section. In order to determine whether
yielding in the material of a member subjected to such a stress distri-
bution begins at a higher stress than would occur if the material were
subjected to uniform stress, two methods were used for examining the
effect of a linear stress distribution on the beginning of yielding in
the steel.
In the first method the stress-strain diagram of the material is used
to derive (a) a theoretical moment-strain diagram and (b) a theo-
retical depth of yielding. By moment-strain diagram is meant a
diagram giving the relation between the bending moment at a section
of the beam and the strain in the outer fibers of the beam at the same
section. The derivation of the theoretical moment-strain diagram is
based on the assumption that the outer fibers (and any other fibers)
in the beam yield when the stresses in the fibers reach the yield point
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(or yield stress) of the material as found in a tension or compression
test. This theoretical moment-strain diagram is then compared to the
similar diagram obtained from experimentally determined moments
and strains. Similarly, the theoretical depth of yielding is compared
to the depth of yielding obtained from the experimental data.
In the second method the experimentally determined moment-strain
diagram is used to derive a theoretical stress-strain diagram for the
extreme fibers of the beam. This theoretical stress-strain diagram for
the outer fibers is then compared with the stress-strain diagram of
the material as determined from tension and compression tests.
The extent of the disagreement between the experimentally de-
termined diagrams and those theoretically determined indicates the
influence exerted on yielding by non-uniformity of the stress dis-
tribution. The theoretical moment-strain relation needed in the first
method is derived in the next section. The equation used in the second
method is referred to as Herbert's equation and is derived in Appendix
A for a beam having a rectangular cross-section.
10. Theoretical Analysis.-This section presents an analysis of the
relationship between applied moment and strain for both elastic and
plastic strains in a beam, based on the assumption that the strain dis-
tribution is linear at any section of the beam. As will be explained in
Sections 11 and 19, this assumption is justified for average strains,
both elastic and plastic, over relatively long gage lines, provided that
the material does not exhibit an upper yield point. The stress distribu-
tion is found from the strain distribution by assuming that the stress
in any fiber for a given value of strain can be read from the tensile or
compressive stress-strain diagram of the material; hence it is assumed
that the stress gradient does not influence the stress at which yielding
starts. Now, since the moment on any section can be found from a
known stress distribution and the dimensions of the cross-section of
the beam, a theoretical relation between bending moment and strain
in the extreme fibers may be determined for a beam of a given cross-
section.
In this investigation experimental results were found for beams
of rectangular cross-section only. Theoretical moment-strain dia-
grams for several different cross-sections, however, are shown in
Fig. 5. The theoretical moment-strain relationship for a cylindrical
beam is derived in Appendix A; other analyses are given in the
literature.( 8, ", 12, 13)
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A theoretical moment-strain diagram will be obtained first for a
beam made of material having the stress-strain diagram represented
by the two straight lines shown in Fig. 6a as found for the annealed
high carbon steel, and for a beam having a rectangular cross-section.
The portion of the stress-strain curve representing elastic action is
shown as a straight line with a slope equal to the modulus of elasticity,
E. At the yield stress, ay, the corresponding yield strain is ey. For
stresses and strains greater than oa and e, yielding takes place. The
second portion of the stress-strain curve can be represented by a
2.0
/.8
1.4
t0.8 Inig -- i a h// Fove 9ead1ts t l -
06 --- _------------_ h - --0.6 /---
0.2 /T_/o
0 3 ,
R•/o £ to £
FIG. 5. THEORETICAL DIMENSIONLESS MOMENT-STRAIN DIAGRAM SHOWING THE
EFFECT OF THE CROSS-SECTION ON YIELDING IN MILD STEEL BEAMS
straight line having a slope nE, where n is an empirical value less than
unity which is to be obtained from tests for each steel tested. In the
case of mild steel, n is equal to zero, since the second portion of the
stress-strain diagram is horizontal and at the level of the lower
yield point.
In Fig. 6, oa represents any stress greater than the yield stress ay,
c: represents the corresponding strain greater than the yield strain E,
and ut represents the increment of stress above the yield stress
(at = "1, - ay). In Fig. 6b, the beam is loaded in such a manner that
the strain in the most-stressed fibers has the magnitude e,. Because the
strain distribution is linear, the depth to which yielding should
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theoretically have progressed can be found by locating the depth in
the beam at which the strain has the magnitude cy. This depth is
denoted by a, and the corresponding stress at this depth is ,y.
Since the strain in the most-stressed fiber is equal to e1, the corre-
sponding stress a-1 can be found from the stress-strain diagram; it is
shown in Fig. 6c. Thus, from the assumed strain distribution and the
known stress-strain diagram of the material, the theoretical stress dis-
tribution across the depth of the beam can be determined; it is
illustrated by Fig. 6c. The portion of the beam within the distance
(a)-Tensile or Compressive
Stress- Strain Diagram for Material
(b)-Sfrain Distrbufior (c)-Sfress Distfibtu/on
in Sen.- nn Beaiem
FIG. 6. THEORETICAL STRESS DISTRIBUTION IN AN OVERSTRAINED BEAM
(c - a) from the neutral surface remains elastic with a stress distri-
bution of triangular shape. The resultant force in this elastic region
is F7 acting at a distance of 2%(c - a) from the neutral surface. The
stress distribution in the yielded portion to the depth a from the
extreme fibers is trapezoidal. This trapezoid is considered to be com-
posed of a rectangle auay and a triangle 2aao-. The resultant force
corresponding to the rectangle is F2, located at a distance c - -
from the neutral surface. The resultant force corresponding to the
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remaining triangle is F3, at a distance (c - 3- from the neutral sur-
face. The moment about the neutral axis of all the forces on the whole
section is equal to the bending moment M for the section considered.
Thus
M- = 2[ F(c - a) + F2 (c- )+ F 3 c- . (1)
The following expressions are obtained by inspection of Fig. 6:
at = nE (e1 - •,) = nay - - 1 (2)
EJ1 c
- . (3)
Ey c -- a
The magnitudes of the forces Fi, F2, and F3 are
at
Fi = b (c - a); F2 = ayba; F3 = ba,2 2
where b is the width of the beam and 2c is the depth. These forces
are shown in Fig. 6c.
When yielding is about to take place in the extreme fibers, the
stress distribution is linear and the stress in the extreme fiber is oy.
At that instant the bending moment M at the given section in the
beam has a magnitude M,, the value of which is
o-b(2c) 2
My = (4)
6
By substituting the values of Fi, F2, and F3 in Equation (1),
dividing through by Equation (4), and eliminating Ut, c, and a by the
use of Equation (2) and Equation (3), one obtains a theoretical di-
mensionless equation giving a relation between the bending moment
and the strain in the extreme fibers. This equation is
M 3 1 - n el
-= - (1 - n) - + n-, (5)
My 2 2 e ey
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FIG. 7. THEORETICAL STRAIN DISTRIBUTION IN BEAM AFTER YIELDING STARTS
where M is the bending moment at any section and el is the strain
in the extreme fiber at the section. My and e~ are constant for any
beam. The value of n obtained from Fig. 4 was found to be 0.106 for
the rail steel.
For mild steel which does not exhibit an upper yield point the
value of n is zero, and Equation (5) becomes
M 3 1
- , (6)
Mu 2 2 ( E)2
or
El 1
/M (7)
3 - 2-
M,
Equation (7), which is valid for a mild steel beam of rectangular
cross-section, is shown as a curve in Fig. 5. Similar equations derived
for beams having a circular cross-section (both solid and hollow), an
I-section, and a rhombus or double triangle are also represented by
curves in Fig. 5. The derivation for the circular cross-section is given
in Appendix B.
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A supplementary method of using the stress-strain diagram to
analyze yielding in a beam is to determine the theoretical depth of
yielding and the theoretical plastic deformations of the fibers of the
beam for comparison with the corresponding values determined experi-
mentally. In Fig. 7a the theoretical depth, a, to which yielding has
penetrated can be represented as the depth in the beam at which the
strain has the magnitude y, when the strain in the outer fiber has a
magnitude e1. In order to find the plastic strain in the outer fiber, the
point A is located on the stress-strain diagram in Fig. 7b correspond-
ing to the strain er, and from this point a line of slope E is drawn
which intersects the line of zero stress at a point B corresponding
to a strain e' which represents the plastic strain in the outer fiber.
The theoretical plastic deformations in the fibers of the beam are
then as shown in Fig. 7a by the dotted line. In Section 11(b) this
distribution will be compared with that found experimentally. The
plastic strain distribution shown by the dotted lines in Fig. 7a should
not be confused with the strain distribution remaining in the beam
after the load is removed, since (as shown in Fig. 8) the strain
distribution remains linear.
11. Analysis of Test Data by Theoretical Relations Derived from
the Stress-Strain Diagram of the Material.-As pointed out in Sec-
tion 10, one method of analyzing the test data is to compare the
experimental results of each beam with (a) the theoretical moment-
strain diagram and (b) the theoretical depth of yielding which were
derived in the preceding section.
(a) Comparison of Test Data with Theoretical
Moment-Strain Diagrams
The theoretical moment-strain diagrams derived in Section 10
contain dimensionless ratios of bending moment and strain. In order
to distinguish between the theoretical and experimental ratios M/M,
and e/yE,, the theoretically obtained values will be labeled MI/M, and
Et/Ey, and the experimentally obtained values will be labeled Me/M,
and ce/Ey. The values My and ce are dependent only on the stress-strain
diagram of the material and the dimensions of the beam and are, there-
fore, constant for any beam.
The strain readings for increasing loads and for corresponding no-
loads are shown in Fig. 8 for the rail-steel beam RB1. At each load
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indicated on the figure are shown the magnitudes of strain at the vari-
ous depths in the beam, and the strains remaining in the beam after
the various loads were removed. Attention is called to the fact that
the strain distribution remained linear even after the beam had yielded,
which is in agreement with the assumption made in the theoretical
analysis presented in Section 10.
TABLE 3
DETERMINATION OF THE EXPERIMENTAL RATIOS Me/M, AND t~,/y FOR THE
ANNEALED RAIL STEEL BEAM RB1
1 2
Load, M.,
lb. lb. in.
4 150 11 670
7 190 20 220
10 250 28 830
13 100 36 840
15 950 44 850
18 130 50 980
20 100 56 520
22 150 63 280
24 060 67 660
25 100 70 580
26 000 73 110
27 040 76 040
28 080 78 960
29 140 81 940
30 200 84 920
32 020 90 040
33 930 95 410
a,=58,500 p.s.i.
To obtain values of the strains in the extreme fibers, a linear extra-
polation to the edge of the beam was made (see Fig. 8). To these
extrapolated values of strains were added the strains measured at the
initial load. The experimental results for beam RB1 are shown in
Table 3. In this table the extrapolated strains in the extreme fibers
which were read from Fig. 8 are shown in columns 3 and 4. In column
5 are shown the average strains in the extreme fibers corrected for the
initial load as mentioned above. These are the values of Ce used in the
experimental dimensionless ratio ce/c,. The value of the yield strain eC
was obtained from Fig. 4.
The value of My for rail steel was obtained from Equation (4),
using the value of ay read from Fig. 4. The experimental values of
Me/My for the various loads as shown in column 6 of Table 3 were
obtained by dividing the values in column 2 by My. The experimental
3
Es,
Tension
Side
0.000275
0.000560
0.000835
0.001147
0.001425
0.001645
0.001875
0.00213
0.00240
0.00258
0.00289
0.00320
0.00362
0.00410
0.00452
0.00564
0.00722
4
Ce,
Compression
Side
0.000270
0.000550
0.000832
0.001120
0.001405
0.001630
0.001840
0.00207
0.00235
0.00255
0.00280
0.00315
0.00355
0.00405
0.00450
0.00564
0.00716
t 0.00195
5
e. Corrected
(eave. +
0.000148)
0.000421
0.000703
0.000981
0.001281
0.001563
0.001785
0.002005
0.002248
0.002523
0.002713
0.002993
0.003323
0.003733
0.004223
0.004668
0.005788
0.007368
6
Me.
My
0.209
0.363
0.517
0.661
0.805
0.915
1.014
1.118
1.214
1.267
1.313
1.364
1.418
1.471
1.523
1.623
1.712
M, = 55,700
lb. in.
7
ey
0.216
0.361
0.503
0.657
0.802
0.915
1.02S
1.153
1.294
1.391
1.535
1.704
1.914
2.17
2.39
2.97
3.78
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FIG. 9. EXPERIMENTAL DIMENSIONLESS MOMENT-STRAIN DIAGRAMS OF RAIL STEEL
BEAMS RB1 AND RB2 COMPARED WITH THE THEORETICAL DIMENSIONLESS
MOMENT-STRAIN DIAGRAM AS GIVEN BY EQUATION (5)
values of the ratio Ce/E, were obtained by dividing values in column 5
by cy; they are shown in column 7.
Simultaneous values of the ratio Me/M, and ce/E, given in Table 3
for beam RB1 are shown by open circles in Fig. 9. Similar experimental
results for another beam of the same material (RB2) are shown in
Fig. 9 by solid circles.
The experimental values given in Fig. 9 are to be compared with
the corresponding curve of the theoretical ratios Mt/M, and et/fy,
which were computed from Equation (5) by using n = 0.106 (de-
termined from the composite stress-strain diagram shown in Fig. 4).
There is good agreement between the curves representing the experi-
mental and the theoretical results. This fact furnishes evidence that
yielding starts in a material subjected to non-uniformly distributed
stress, such as occurs in a beam, at the same stress at which it starts
under uniformly distributed stress, such as occurs in a tension
specimen.
It is well, however, to determine whether good agreement between
the curves might occur even if the stress in the outer fibers at which
yielding started were considerably larger than the yield stress in a
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tension specimen. In order to determine how far the theoretical curve
in Fig. 9 would be shifted if the yield stress in bending had been 10 per
cent above the yield stress as found from a tension test, a curve was
derived on this assumption and plotted as a broken line in Fig. 9. It
0 0.4 0.8 /.0 1.2 /.6 2.0 .4 2.8 32
6 Strait it Extreme F/ter whIch Corresponds to Bendin' Moment M
6Y Stron in Extreme F/ter at y1f/a' Point wh/ch Corresponds to Moment My
FIG. 10. EXPERIMENTAL DIMENSIONLESS MOMENT-STRAIN DIAGRAMS OF MILD STEEL
BEAMS AB1, AB2, AND SB1 COMPARED WITH THE THEORETICAL DIMENSION-
LESS MOMENT-STRAIN DIAGRAM AS GIVEN BY EQUATION (7)
is evident that if yielding of the fibers in the beam took place at a
slightly greater stress than those which accompany the same values
of plastic deformation in a tension specimen, the difference would be
noticeable, as in the curves of Fig. 9.
The experimental moment-strain data for the mild steel beams
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were obtained and plotted in the same manner as were those for rail
steel. The results for the two beams made from steel A as well as those
for beam SB1 are shown in Fig. 10. The theoretical results represent-
ing Equation (7) are shown. It will be noted that for the same reading
of ce/Cy there are sometimes shown two readings of Me/My, which is
explained by the fact that while the reading of the strain gages was in
progress the load continued to decrease slowly. In each case the upper
point corresponds to the initial load reading, whereas the lower point
corresponds to the load reading after the last strain had been measured.
The results of the tests of AB1 and AB2 as recorded in Fig. 10
show satisfactory agreement between theoretical and experimental
results, and this fact again indicates that yielding started at the same
stress at which it started when subjected to uniform stress.
The results of the tests of beam SB1 (Fig. 10) show the experi-
mental curve slightly above the theoretical curve in the earlier stages
of yielding in the beam-evidence of an upper yield point; this
phenomenon of yielding in beams is discussed in Section 20.
'I
U
J~mvres lOt? -~--- Sfr~a/n Tension
Compression - Strain - Tension
"-×-- r, .Straln 1?7 B9eam Af/er Remova/ of Load
-- ------ £-, Strain Re//ev'ed bg S/icing of 1he 9earn
---- ..- -. Le6=&+, Actual/ P/st' SStran itn hbe Fibers
--------- Theo-retical P/ast/c Straibn i' tehe Fibers
FIG. 11. PERMANENT STRAINS IN RAIL STEEL BEAMS RB1
AND RB2 AFTER UNLOADING
ILLINOIS ENGINEERING EXPERIMENT STATION
(b) Comparison of Test Data with Theoretical Depth of Yielding
After each of the five beams was tested, it was sawed into a
number of horizontal thin slices approximately 18 in. thick, each slice
containing one gage line, in order to determine the permanent defor-
mation at varying depths in the beam. The sawing was done on a
special power band saw at a slow speed and with ample supply of a
coolant to prevent annealing action due to a rise in temperature. The
results of these tests are shown in Figs. 11 and 12. In these figures each
horizontal line represents the position of the gage line coinciding with
the center line of each thin strip. The crosses indicate the strains
(denoted by er) measured on a 5-in. gage line by using a Berry strain
gage after unloading the beam from the last load (Pmax) before slicing.
It was found that slicing the beam relieved a part of Er. The differ-
ences between the strains before and after slicing are denoted by eC'.
In the outside gage line on the tension side, the value of the tensile
strain as measured by the strain gage after unloading from Pmnax
increased when the slice was cut off - that is, the distance between
the gage holes further increased after the slice was cut off. This indi-
cates that in the extreme fiber on the tension side there was a locked-in
compression stress which, when relieved by cutting off the slice, allowed
the gage line to lengthen further.
In the outside gage line on the compression side of the beam the
distance between gage holes further decreases after slicing. This indi-
cates that in the extreme fibers on the compressive side there was
a locked-in tensile stress which, when relieved by cutting off the slice,
allowed the gage line to shorten further.
The algebraic sum of re, and /,' gives the experimentally determined
actual plastic strains, ep.
For annealed rail steel Fig. 11 indicates that the depths to which
the yielding actually reached were predicted very closely on the basis
of the stress-strain diagram of the material (Fig. 4). This means that,
at any depth in a beam, the fibers will yield when their stress reaches
the same stress at which the material yields when subjected to a uni-
form stress distribution. Although the depth of yielding is predicted
very well by theory, the magnitude of the plastic strain in the over-
strained fibers does not agree closely with the theory. This discrepancy
is probably due, at least in part, to the fact that the modulus of
elasticity of this steel is decreased somewhat by overstraining.
Figure 12 shows that for mild steels the depths to which the
yielding actually extended were predicted very well in each case on
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Compression --- Strain -- Tension
-- x-- £&, Stra' in Beam After Removal of Load
--- o-.--- ~,, Strai? Relieved by S/icing' of the Beam
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FIG. 12. PERMANENT STRAINS IN MILD STEEL BEAMS AB1,
AB2, AND SB1 AFTER UNLOADING
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the basis of the stress-strain diagram of the steel. Also, the magni-
tudes of the plastic strains predicted by theory for a value of
E = 30,000,000 p.s.i. agree well with those obtained experimen-
tally. These facts further indicate that the non-uniform stress distri-
bution did not influence the stress at which yielding began.
12. Proper Interpretation of the Moment-Strain Diagram. - In
Section 1 it was stated that misinterpretation of test data was one of
the factors contributing to the conclusion that the stress necessary to
cause yielding in steel is higher when a stress gradient exists than
when the stress is uniformly distributed. This erroneous deduction has
arisen mainly from failure to observe critically the difference between
a stress-strain diagram and a moment-strain diagram. In the following
brief discussion attention is drawn to a common misinterpretation of
the moment-strain diagram. Nothing new, however, is involved in the
discussion, since the correct interpretation of a moment-strain diagram
is available in various books and technical articles.
The tensile stress-strain diagram for rail steel in Fig. 13a exhibits
a fairly well defined deviation from a straight line at A, the ordinate
to which may be designated as the yield stress. To obtain a somewhat
more reproducible and significant test value, the yield stress cor-
responding to a small permanent set is commonly used as the yield
stress. Thus, for a very small plastic set (corresponding to an offset of
0.0001 in Fig. 13a) the yield stress is represented by the ordinate to
point D. For a beam of the same material, the relation between bend-
ing moment at a given section and the strain in the outer fibers at the
section is shown in Fig. 13b. This curve does not exhibit an abrupt
departure from the initial straight line OA; hence it is difficult to de-
termine a yield stress (or so-called proportional limit) experimentally.
The beginning of yielding in the outer fiber occurs at a bending
moment My corresponding to some point approximately at A, but the
curve does not deviate appreciably from a straight line until a bending
moment Mo is reached which is considerably greater than My.
By analogy with the tensile test, some investigators have considered
the material in a beam to act elastically until the moment Mo is
reached, since the deviation from the straight line at M. is the same as
in the tension test (0.0001). Furthermore, the material is considered
to act elastically up to this load, making the flexure formula,
Mc
s = , applicable.
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FOR RAIL STEEL
The truth, however, is that as
the bending moment increases
from My to the value Mo cor-
responding to the small offset, the
stresses in the fibers of the beam
change from those shown in Fig.
13c to those shown in Fig. 13d.
In other words, Mo is greater than
My, not because the elastic stress
in the outer fiber increases above
vy, but primarily because the in-
ner understressed fibers are made
to resist a greater proportion of
the bending moment. The impor-
tant difference between Fig. 13a
and Fig. 13b is brought out by
noting that, for identical strains
(abscissas) in Fig. 13a and Fig.
13b, the ordinates have very dif-
ferent meanings with respect to
stress, since the ordinates in Fig.
13b are not proportional to the
stress in the extreme fiber for
moments greater than My, and
hence the two diagrams cannot
be analyzed in the same manner.
For example, from the test
data for rail steel shown in Fig.
13 the stress computed as Moc/I
(for the comparatively small off-
set of 0.0001) was found to be
69,000 p.s.i. as compared with the
value of 58,500 p.s.i. for the actual
yield stress corresponding to point
A. The error in interpreting the
ordinate to the point E in Fig. 13b
as the bending moment which
causes the yield stress in the outer
fibers is further emphasized by
the fact that for an offset of only
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0.0001 the abscissa to point E in Fig. 13b indicates that the extreme
fiber has undergone a strain 23 per cent greater than that required to
cause initial yielding (eo = 1.23 Ey) ; whereas in the tension specimen
of Fig. 13a the yielding that corresponds to an offset of 0.0001 is very
small - practically equal to the offset. The point F on the moment-
strain diagram has been added to indicate the actual bending moment
corresponding to a plastic strain of 0.0001 in the outer fibers of the
beam. Point F in Fig. 13b corresponds to point D in Fig. 13a.
The ,magnitude of the bending moment at which the moment-
strain diagram departs appreciably from the straight line is influenced
by the shape of cross-section of the beam, as is illustrated by Fig. 5.*
Thus the quantitative error in the yield stress computed from the
bending moment corresponding to a small offset would be even more
pronounced for a beam of circular (or of rhombic) cross-section than
for the rectangular section assumed in the preceding paragraph.
13. Analysis of Test Data by Means of Herbert's Equation.-In
1910 H. Herbert"1' 0 conducted tests on cast iron beams and, in an-
alyzing the test data, developed an equation for determining the stress-
strain diagram of the material in the outer fibers of a beam from the
moment-strain diagram without making any assumption as to stress
distribution on a cross-section of the beam. In the derivation it is
assumed that the strain distribution in a beam is linear but that the
relation between stress and strain for each fiber is unknown. The
derivation for a beam having a rectangular cross-section is given in
Appendix A for the case in which the stress-strain diagram of the
material is assumed to be the same in tension and compression. The
equation obtained is
aM
2M + --
S= -- (8)
in which u and c are the tensile or compressive stress and the -cor-
responding strain, respectively, in the outer fibers of the beam at a
section at which the bending moment is M. 9M/Qc is represented by
the slope of the moment-strain diagram for the beam corresponding to
the strain e and can easily be determined graphically; b and h are the
* See also (11), especially pp. 373-75 thereof.
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width and the depth, respectively, of the rectangular cross-section.
Similar equations have also been presented by Nadai (8' and Upton." 2'
By plotting a moment-strain diagram from the experimental data,
such as those shown in Table 3, and determining graphically the values
of aM/eO for varying values of M and c, the values of the stress o- in
the outer fibers for various values of c may be calculated by the use of
Herbert's equation. The stress-strain diagram of the most-stressed
fibers of the rail-steel beam RB1 as found by plotting these values of
a and e would be shown by a line connecting the solid circles in Fig.
14a. A similar stress-strain diagram for beam RB2 is indicated in Fig.
14a by open circles. The stress-strain diagram of the material in the
beam as determined from tension and compression tests is drawn as a
solid line to compare with the results found from the beam tests. A
close agreement is seen to exist between the stress-strain diagram for
the most stressed fibers of the rail steel beams as obtained by use of
Herbert's equation and that determined from tension and compression
tests (Fig. 4).
Similar results for the mild steel beams AB1 and AB2 are shown in
Fig. 14b, in which are compared the stress-strain diagrams of the most-
stressed fibers of each of the beams with the stress-strain diagram of
the material as determined from tension and compression tests. The
results indicate that the computed yield point, determined from each
beam in which the stress distribution was non-uniform, was not greater
than the yield point of the material obtained under a uniform stress
distribution.
The corresponding results for the mild-steel beam SB1 as shown in
Fig. 14c indicate, however, that the yielding in the outer fibers did not
start until the stress in these fibers reached a value somewhat above
the lower yield point of the material as found from tension tests in
which the stress was uniformly distributed. This result is explained
mainly by the fact that the beam SB1 did not contain strain gage holes.
These small holes develop stress concentrations which in turn cause the
material to yield at the lower yield point stress as in Fig. 14b, whereas
their absence may permit the stress in the outer fibers to build up to
an upper yield point before initial yielding. This topic is discussed
further in Sections 19 and 20, where it is pointed out that the condition
leading to an upper yield point is unstable and cannot be predicted
accurately. Once yielding had started, however, then (as Fig. 14c
shows) the stress required to cause continuance of the yielding in the
outer fibers of the beam was the same as the lower yield point in the
material tested under a uniform stress distribution.
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OF THE BEAM AND THE STRESS-STRAIN DIAGRAM OF THE MATERIAL
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THE BEGINNING OF YIELDING IN MEMBERS WITH NON-UNIFORM,
NON-LINEAR STRESS DISTRIBUTIONS
14. Yielding of a Tension Member in Which a Relatively High
Stress Gradient Exists.-In order to study yielding in members having
a stress gradient considerably greater than that in a beam, a tension
member containing the holes, groove, and fillet shown in Fig. 2 was
tested in tension. All the curved surfaces containing the most-stressed
fibers were cut in a boring mill. The machined surfaces were left in the
as-machined condition, since it was thought that these relatively rough
surfaces would cause inherent stress concentrations of sufficient magni-
tude to insure that the material would not possess an upper yield point
and hence yielding would start at the lower yield point of the material;
the significance of this idea is discussed further in Part II. The fact
should be mentioned that in some portions of this tension member the
state of stress is bi-axial but that at the critical portions of the mem-
ber, where yielding started, the stress was essentially uni-axial.
The problem of determining the stress at which yielding started at
the critical sections of the tension member shown in Fig. 2 is some-
what different from the problem of determining the stress at which
yielding started in beams. A theoretical analysis giving a relation be-
tween load and stress based on an assumed strain distribution could
not be made for the tension member, since the strain distribution at
sections containing the most-stressed fibers (at the hole, groove, and
fillet) was not known.
In order to determine the stress at which yielding started in the
most-stressed fibers at each of the critical sections, load-strain dia-
grams were obtained relating the loads applied to the member to the
corresponding strains measured at each of the critical sections. Each
load-strain diagram should remain linear for increasing loads until
yielding starts in the most-stressed fiber, whereas with greater loads
the load-strain diagram should deviate from a straight line. This is an
unsatisfactory method; and, to justify its use, great care must be
taken in carrying out the test. For a given strain-measuring instru-
ment the accuracy of this method of analysis in predicting the begin-
ning of yielding depends upon the steepness of the strain gradient and
upon the volume of elastic material remaining at the section involved.
If the strain gradient is very steep and the depth of the section is large,
the most-strained fibers could yield without causing the load-strain
diagram to deviate noticeably from a straight line: this fact explains
to a considerable degree why some experimenters have reported that
excessively high stresses were developed before yielding occurred.
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FIG. 15. BOTH SIDES OF THE MILD STEEL PLATE TENSILE
SPECIMEN, SHOWING LOCATIONS OF GAGES
To obtain acceptable results a very sensitive strain-measuring
instrument must be used, and should be attached directly to the most-
stressed fiber. These conditions were satisfied in the tests reported in
this section.
Furthermore, load-strain diagrams were not the only criteria used
to determine the approximate value of the stress at which yielding
started in the most-stressed fibers. For, as soon as the load-strain
curves indicated that yielding had started, the member was unloaded,
the sections of the member containing the most-stressed fibers were
cut into strips, and measurements were made of the residual strains
that would be produced if localized yielding of the most-stressed
fibers had occurred.
The load-strain curves to be presented are those obtained for the
SR-4 electrical strain gages which, as shown in Fig. 15, were located
near the critical sections of the tension member.
In the presentation of the experimental results that follow, no
mention is made of the results obtained at section T-T of Fig. 2, since
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most of the SR-4 gages at this section were damaged in handling the
test member. The curves shown in Fig. 16 represent the load-strain
curves for section Q-Q (see Fig. 15), in which the strains were found
by use of the SR-4 electric resistance strain gages cemented to the
member. Each curve represents readings of one gage for increasing
load P; the location and designation of each gage are shown in Fig. 15.
The curve marked - 1 will be considered first. This is the load-
strain curve for the gage labeled 1 on the inside surface of the 4-in.
hole, where the strain was measured on a gage line 14 in. long. The
gage 1 - 1 was cemented to the curved inside wall of the 4-in. hole,
midway between the front and back faces of the plate specimen. It can
be observed that the strains at this gage line increased linearly with
the load until the last increment of load was reached, in the region of
200,000 lb. After the completion of the test, two thin strip tension
specimens (with fibers in the same direction as in the plate tension
specimen) were sawed out of this region of the plate specimen. These
thin strips gave yield points of 28,300 p.s.i. and 28,200 p.s.i. (an aver-
age of 28,250 p.s.i.), and the strain corresponding to this yield stress
was 0.00094. This magnitude of strain, measured from the origin in
Fig. 16, is shown by the vertical dot-dash line at A. The portion AB
of the curve 1/ - 1 is the probable course of the load-strain curve, pro-
vided that the most-stressed fiber yielded at the same stress as that for
a uniform stress distribution in the two thin-strip tension specimens.
The ratio of the ordinates at B and A - 1.07 - indicates that the
yield point of the most-stressed fibers at the edge of the 4-in. hole could
not have been more than 1.07 oy.
The load-strain curve for gage 1 - 1 is the only one of those shown
in Fig. 16 that passes through the origin. The load-strain curves for
the gages on the back face intersect the axis of zero load to the left of
the origin, and those for the front face intersect to the right of the
origin. The phenomenon can be explained by the fact that a small
amount of bending was superimposed on the tension in the plate speci-
men. This was evident from the fact that after the test the gages were
read at a zero tensile load and again after the upper grips were
removed. The difference in these readings gave strains in the front and
back faces due to bending of a magnitude of 0.00017. Since gage %/ - 1
was located midway between the front and back faces, it was unaf-
fected by such bending.
During the test the strains read from the other gages at section
Q-Q did not reach a magnitude at which yielding should start; there-
fore the load-strain curves obtained from these gages should not
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FIG. 16. LOAD-STRAIN DIAGRAMS FOR THE SR-4 STRAIN GAGES
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deviate from straight lines. At the last load of 200,000 lb., however, the
strain reading for gage 1 -3 (1-in. gage length at location No. 3 shown
in Fig. 15) does not fall on the straight line.
There is a logical explanation for this indication of yielding under
gage 1 -3. The gage was cemented close to the edge of the hole, so that
its center line was 0.2 in. from the edge. The parallel wires of the
gage spread over a width of 0.25 in., so that the wire closest to the
hole was about 0.075 in. from the edge of the hole where yielding had
taken place as shown by gage 14 - 1. Since, on account of superimposed
bending, the strain in the fibers near the hole was about 0.0002 greater
than the strain in the fibers under gage - 1, yielding had probably
penetrated deep enough to affect one or more of the wires of gage 1 -3,
and hence the strain reading for this gage was larger than it should be.
Similar reasoning explains why the load-strain curve for gage 1 - 2
did not remain linear for the maximum load.
The load-strain curves in Fig. 16 were obtained for the SR-4 gages
located at sections S-S and V-V respectively. These load-strain curves
indicate, as did those for section Q-Q, that yielding began in the most-
stressed fibers at a stress equal to the lower yield point stress of the
material.
Attention is called to the fact that the test on the tension member
was terminated at the load of 200,000 lb., the load for which yielding
was first indicated by the strain gages located at the most-stressed
fibers. In a member of this type, where a localized fiber has yielded,
the large volume of elastic material remaining in the critical section
compresses the yielded region after the load is released, so that the
measured plastic set is only a part - and in some cases only a small
part - of that actually present in the member. For this reason it was
thought advisable to terminate the test as soon as possible after yield-
ing had started and then relieve and measure the locked-in plastic set
by sawing out thin strip specimens containing the most-stressed
fibers. In each case the strain relieved averaged about 0.0001. These
results substantiate the belief that yielding had taken place in the
most-stressed fibers of the tension member.
15. Discussion of the Results Obtained by Bierett on Tests of
Eyebars.-In 1931 Bierett 3 ) conducted a test on eyebars the dimen-
sions of which are shown in Fig. 17. He interpreted the results as indi-
cating that yielding in the most-stressed fibers did not start until the
stress in the fibers reached a value 2.7 times the stress at which yield-
ing started under uniform stress distribution. Each eyebar tested was
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constructed from three cold rolled steel plates which were riveted to-
gether as shown in Fig. 17. The test set-up consisted of two of these
eyebars, one on each side of another much heavier eyebar; therefore,
each of the two outer eyebars to be tested carried approximately one-
half of the load. By this method of loading, each of the outside eye-
bars had one face free of obstruction, so that strain gages could be
attached.
Bierett used Huggenberger extensometers to measure strains at
various distances from the edge of the eye of one of the eyebars as
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FIG. 17. STRESS-STRAIN DIAGRAMS OF A TENSION SPECIMEN
AND AT THE EYE TESTED BY BIERETT
consecutively increasing loads were applied. The Huggenberger gage
located at a distance of 0.118 in. from the eye was the gage nearest
to the most-stressed fiber. Bierett assumed that the material in these
fibers was still elastic until the load-strain curve deviated from a
straight line. This point of deviation from a straight line is shown in
Fig. 18 at a strain of 0.002 (0.0018 plus the strain at the initial load).
After unloading from this particular strain, Bierett measured a perma-
nent strain of 0.00003, which he assumed to be the set at the propor-
tional limit of the material. To obtain the stress at the proportional
limit of the material in the fibers located 0.118 in. from the edge of the
hole, Bierett multiplied the strain of 0.002 by the modulus of elasticity
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FIG. 18. LOAD-STRAIN DIAGRAM FOR A GAGE LOCATED AT A POINT 0.118 IN.
FROM EDGE OF HOLE OF THE EYEBAR TESTED BY BIERETT
to obtain 60,000 p.s.i., which he then compared with the proportional
limit of 22,000 p.s.i. obtained from a tension specimen (Fig. 17). He
concluded that the proportional limit of the material in the highly
stressed fiber in the eyebar was 2.7 times that obtained from a con-
ventional tensile specimen; that is, a so-called elastic stress was built
up due to the non-uniform stress distribution in the eyebar which was
2.7 times the stress at which yielding started in a specimen in which
the stress was uniformly distributed.
The steel which Bierett used to obtain the above results was cold
rolled steel, which probably contained inherent stress concentrations
of sufficient magnitude to cause initial yielding at the lower yield
point of the material. Evidence for this conclusion is found in the fact
that early and gradual yielding is indicated in the stress-strain dia-
gram of Fig. 17 before the yield point is reached. Since this statement
is not in agreement with the conclusions of Bierett, further analysis of
his results is needed.
The actual strain-distribution curves in Fig. 19 were drawn from
strain data obtained by Bierett. The horizontal dotted line at E in
Fig. 19 is the yield strain c, of the material as obtained from a tension
test of a specimen which was machined from the understressed por-
tion of the eyebar after the completion of the test. The stress-strain
diagram for this specimen is shown in Fig. 17.
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FIG. 19. STRAIN DISTRIBUTION ACROSS SECTION I-I OF THE EYEBAR
In analyzing the data from his tests, Bierett assumed that the
material at the eye remained elastic until the load-strain curve devi-
ated from a straight line. A study of the strain distribution curves
shown in Fig. 19 should indicate whether the beginning of yielding
could be predicted from the load-strain curve. At the load P = 335,000
lb., the strain under the gage located 0.118 in. from the edge of the
hole was equal to the yield strain Ey, while the strain at the hole was
considerably greater than Ey. If, at this load, the material at the hole
was still elastic, the stress distribution curve would be proportional to
the curve AFC. The area under this curve would then be proportional
to the load P. However, if yielding had penetrated to the depth EF,
the load would be proportional to the area under the curve EFC. The
difference in magnitude of the two loads calculated from these strain
distribution curves is approximately 3000 lb., which is of little sig-
nificance in comparison with the total load of 335,000 lb. on the eyebar.
Therefore it is unlikely that Bierett would have been able to detect
the beginning of yielding from the load-strain curve, and he would not
have been able to determine a reliable value of the proportional limit
of the material at the hole.
As indicated in Fig. 18, the load-strain curve for the gage located
0.118 in. from the edge of the hole appeared to remain linear until a
load of 520,000 lb. was reached. The strain distribution curve for this
load is also shown in Fig. 19. For elastic conditions, the load on the
eyebar would be proportional to the area under the curve BGD; how-
ever, if yielding had penetrated to a depth EG, the load would be
proportional to the area under the curve EGD. The difference in the
magnitude of the loads calculated from these two curves is approxi-
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mately 36,000 lb. This is 7 per cent of the total load and would be,
under ideal conditions, of sufficient magnitude to cause appreciable
curvature in the load-strain curve. The necessary conditions for ideal
loading are: first, the total load should be divided equally between the
two eyebars; and second, the stress variation across the thickness of
the eyebar at the hole should be equal to zero. To what extent these
conditions were attained could not be verified from the test data
reported by Bierett.
At the load of 520,000 lb., the increment of load of 36,000 lb. pre-
viously mentioned appears to be of doubtful significance when the
uncertainties of the conditions of the test are considered. It is felt,
therefore, that the results presented by Bierett are not sufficient to
prove that yielding was delayed in the most-stressed fibers until an
elastic stress in these fibers reached a magnitude greater than the yield
point of the material as determined from a conventional tension test.
16. Conclusions for Part I.-The results presented in Part I are
believed to be sufficient to justify the following conclusions:
(1) For static loading, the outer fibers of beams made of annealed,
relatively high carbon (rail) steel that did not exhibit a well-defined
yield point started to yield when the stress in these most-stressed
fibers reached a value equal to the stress at which yielding started in
a standard tension specimen of the same material in which the stress
was uniformly distributed.
(2) For beams made of a mild steel that did not exhibit an upper
yield point, yielding started in the most-stressed fiber of the beam at
a stress equal to the yield point as determined from a conventional
tension test.
(3) In a tension member made of a mild steel that did not exhibit
an upper yield point and that contained non-uniform, non-linear stress
distributions due to a hole, a notch, and a fillet, yielding started in the
most-stressed fibers at a stress equal to the yield point of the material
as determined from a tension test in which the stress distribution was
uniform.
(4) Thus no confirmation was found for the statement that the
stress necessary for yielding of steel subjected to uni-axial stress
caused by static loads is higher when a gradient exists than when the
stress is uniformly distributed on a section. The error of assuming that
a stress gradient permits higher "elastic" stresses to be attained than
can be developed under a uniform distribution of stress has arisen
mainly as follows: If a stress gradient exists in a member, initial
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yielding affects only a small portion of the total load-carrying fibers
of the member and the yielding causes a more favorable distribution
of the stresses; thus (as shown by the moment-strain diagram in Fig.
5) the initial yielding results in a very minute deviation of the load-
strain or moment-strain curve from a straight line. Experimentally
the load at which the load-strain curve departs from a straight line
is difficult to determine accurately for a member in which a stress
gradient exists. Therefore, an erroneous interpretation of test data is
likely to result, leading to a value of stress in the material at which
yielding is assumed to start that is larger than actually exists. This
misinterpretation of the moment-strain diagram was discussed in
Section 11.
(5) For many uses of ductile steel members subjected to non-uni-
form stress and static loads, considerable yielding of the most-stressed
fibers can occur without causing structural damage to the members
as a whole; hence the member may resist satisfactorily a load greater
than that which causes the stress in the most-stressed fibers to attain
the value of the yield point of the material as obtained for uniform
stress in a tension specimen. In the case of beams the relative magni-
tude of such increased loads depends to a considerable extent on the
shape of the cross-section, as shown by the results in Fig. 5. Relative
increase in the value of the loads, however, is not explained by the
statement that an "elastic stress" greater than the yield point of the
material is built up in the most-stressed fiber. It is explained rather by
the statement that the yielding of the most-stressed fibers at the yield
point of the material causes the understressed portion of the member
to offer greater resistance to the loads without permitting plastic dis-
tortion sufficient to constitute measurable structural damage to the
member as a whole.
BUL. 372. NON-UNIFORM DISTRIBUTION OF STRESS
III. CONTINUED. THEORETICAL AND EXPERIMENTAL DETERMINATION
OF YIELD STRENGTHS
PART II: THE BEGINNING OF YIELDING IN MEMBERS IN WHICH AN
UPPER YIELD POINT OCCURRED
17. Purpose of Part II.-The problem of determining the effect of
non-uniform stress distribution on the beginning of yielding in a mem-
ber becomes more involved if the material in the member exhibits an
upper yield point. It is the purpose of Part II to discuss this problem
and then to analyze the results of other investigators in the light of
the information brought out in the discussion.
18. An Explanation of Yielding in a Tension Specimen of Mild
Steel Which Exhibits an Upper Yield Point.-The mechanism of yield-
ing in a tension specimen is considered first, in order to facilitate the
analysis of yielding in a beam. The type of stress-strain diagram in
Fig. 3 is frequently associated with mild steel; the peak elastic stress
is called the upper yield point, ayu, and the stress at which the stress-
strain diagram becomes horizontal is called the lower yield point, ay.
The following discussion is limited to mild steel exhibiting this type of
stress-strain curve.
The upper yield point in a tension specimen is unpredictable, since
it depends upon many variables, including the shape of the tension
specimen, the instrumentation and alignment of the specimen when
testing, inherent stress concentrations caused by heterogeneity, surface
roughness, and other factors. The magnitude of the upper yield point
obtained in a tension test depends upon the extent to which these vari-
ables have been eliminated. For example, G. Cook (2) conducted tensile
tests on three mild steels in which he took very great care to reduce
as far as possible the unfavorable conditions. He obtained values for
the upper yield point as large as 1.45ay for steel A, 1.56ay for steel B,
and 1.49ry for steel C.
In the following discussion, it is assumed that the magnitude of
the upper yield point is limited only by the intensity of the inherent
stress concentrations present in the member. If no inherent stress
concentrations were present, perfect testing techniques would permit
a theoretical limiting value, or, of the upper yield point to be obtained.
This theoretical upper yield point cannot be measured, since steel is
non-homogeneous, and inherent stress concentrations always exist;
however, the concept of a limiting value of the upper yield point will
simplify the discussion of the initiation of yielding.
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In the idealized mild steel tension specimen (one that is initially
free of stress concentrations), yielding starts when the stress reaches
a magnitude equal to or and, as indicated by
the slip plane DE shown in Fig. 20, occurs in
slices by a step-wise process of slipping on ,
planes of approximately 45 deg. As suggested
by L. H. Donnell ( ' ) , this yielding introduces a
stress concentration factor of magnitude k1 ,
because of the disturbance equivalent to a notch
effect resulting from the yielding on the plane
DE. Though further yielding at the points
of stress concentration takes place at the -
upper limiting stress, or, the nominal stress
sufficient to cause further yielding need not be
larger than oy, for it is intensified by the stress
concentration factor so that locally it reaches
the value kiy, = or.
In an actual tension member, however, a
stress concentration factor of some magnitude,
k, is always present because of imperfect load-
ing conditions, heterogeneous structure, sur- P,
face roughness, and other factors. Let it be
assumed first that the magnitude of k is smaller FIG. 20. LOCALIZED
than the resulting stress concentration factor YIELDING IN MILD
STEEL TENSILEki after notches or stress-raisers are created by SPECIMEN
the first yielding. Yielding will then start at an
OT
apparent upper yield point zy,, = -, and because of the resulting
k
increase in stress concentration, further yielding will continue at an
UT k
apparent nominal stress a, - = oau -- . Load-strain curves for
ki ki
specimens under such conditions show a peak corresponding to the
apparent upper yield point a-yu, then a falling off to a horizontal line
corresponding to the lower yielding point ay, as shown in Fig. 3.
Let it be next assumed that the stress-raisers originally present
in the tension specimen are so severe that the disturbance created by
the first yielding does not increase the stress concentration factor
above the value k - that is, that k = ki. In this case, there will be
oUT
only a lower yield point a-y = -- , and the load-strain curve will be
ki
horizontal at the-yield point.
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19. Explanation of Yielding in a Beam of Mild Steel Which Ex-
hibits an Upper Yield Point.-Theoretical analyses similar to those
presented in Section 10 and in Appendixes A and B do not apply dur-
ing the early stages of plastic deformation if the material (such as
mild steel) in a beam exhibits an upper yield point.
Initial yielding in a mild steel beam takes place in localized
wedge-shaped regions. Experimentally this non-homogeneity of yield-
ing can be shown by coating the beam with a brittle coating before
loading or by etching a longitudinal cross-section of the beam after
straining. The mild steel beams shown in Figs. 21, 22, and 23 were
painted with a solution of rosin dissolved in alcohol which evaporates,
leaving a very brittle coating. Beam AB1 (Fig. 21) had only half its
length painted with the brittle coat. It will be noted in both Fig. 21
and Fig. 22 that the yielded regions are shown on the tension sides
only. Although similar regions were present on the compression side
of the beam, it was almost impossible so to illuminate the beam
that the yielded regions on both the tension and compression sides of
the beam could be shown on the same photograph. Yielded regions on
the (top) compression side of the beam AB2 are shown in Fig. 23.
The results reported by Nakanishi (1 ) and Nadai (8) also furnish con-
vincing evidence that a mild steel beam which has been stressed above
the yield point of the material contains elastic as well as plastic regions
even in the most highly stressed fibers of the beam. Thus, the strain
FIG. 21. MILD STEEL BEAM AB1 AFTER TESTING AND AFTER
ROLLERS WERE USED FOR APPLYING LOAD
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FIG. 22. MILD STEEL BEAM AB2 LOADED BY 45,000 LB.
FIG. 23. MILD STEEL BEAM AB2 LOADED BY 45,000 LB., SHOWING
GAGE HOLES FOR 5-IN. BERRY STRAIN GAGE
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FIG. 24. EFFECT OF LOCALIZED YIELDING ON STRESS
DISTRIBUTION IN BEAM
distribution does not remain linear at every section in the beam, even
though the strains measured over long gage lengths are found to have
a linear distribution. Therefore it would seem that the theoretical
moment-strain equation presented in Section 10 and the development
of Herbert's equation given in Appendix A are not valid, since each
of those theoretical relations was based on a linear strain distribu-
tion which was assumed to be the same for all sections of the beam.
The reason for the agreement between the theoretical and the experi-
mental results shown in Sections 11 and 13 for material which did not
exhibit an upper yield point therefore needs clarifying by a further
consideration of the fundamental behavior of a beam during yielding.
For example, consider the beam shown in Fig. 24, which is subjected
to a bending moment M of sufficient magnitude to cause yielding to a
depth AB. If the portion of the beam bounded by the yielded regions
AB and CD and a surface parallel to the neutral surface through BD
were removed from the beam, the distribution of stress necessary for
equilibrium would be, as shown in Fig. 24b, a uniform distribution on
faces AB and CD equal to o-, and a distribution on face BD similar to
that shown in Fig. 24b. The given stress distribution on face BD is
necessary to produce the same curvature in the surface BD as that
imposed on the elastic portion of the beam between the yielded regions
by the bending moment M. This stress distribution may be repre-
sented by two couples M' as shown in Fig. 24b. Because of the
couples M', the magnitude of the stress at E would be greater than the
stress at either A or C.
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If the material in the beam does not exhibit an upper yield point,
the stress in the most-stressed fiber will have a value approximately
equal to a, at every section of the beam, since this stress cannot be
exceeded without plastic action. Hence, the couples M' are small and
may be considered negligible, as is obvious if the yielded regions in the
beam are close together or are shallow in depth. With the stress at E
approximately equal to ay, the stress distribution at section EF in Fig.
24 must be practically the same as the stress distribution at AB or CD
to satisfy equilibrium conditions. Thus the stress distribution at every
section of the beam will be essentially equal to the stress distribution
OEBA shown in Fig. 25b, which is the same as that used in the deriva-
tion of Equation (7).
The foregoing analysis indicates why good agreement was obtained
between experimental and theoretical results for mild steel beams in
which the material did not exhibit an upper yield point. The basic
assumptions requiring the same linear strain distribution for every
section of the beam are satisfied with a fair degree of approximation
because the stress distribution on each section of the beam is prac-
tically the same. Furthermore, since the average strain distribution
measured over long gage lengths remains linear, the average strain in
the fiber located at the root of the plastic region must equal the
strain cy, and the depth of the yielding can be predicted by assuming
Hooke's Law to apply to the average elastic strains.
Let us now consider the case in which the material in the mild
steel beam shown in Fig. 24 exhibits an upper yield point. The resist-
ing moment in Fig. 25, with yielding impending at the stress yu, is
proportional to the moment of the area OCA about the neutral axis
of the beam, whereas, during yielding, the stress in the yielded region
drops suddenly to a value o-y. Therefore a condition of instability is
created, and a plastic wedge progresses almost instantaneously to a
depth BE (Fig. 25b) such that the resisting moment developed by the
trapezoidal stress distribution OEBA balances the external moment M.
Further yielding can then take place only by increasing the applied
bending moment to a value greater than M, or by a diagonal progres-
sion of the plastic areas as shown in Fig. 27 (which will be discussed
in Section 21).
In Fig. 24b the stress at E may have a value as large as the upper
yield point of the material, ayu, depending upon the distance between
the yielded regions, while the lower yield stress y, exists at A and C.
The stress distribution does not remain the same at every section of
the beam; consequently the two basic assumptions used in the deriva-
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FIG. 25. STRESS DISTRIBUTION BEFORE AND AFTER YIELDING
WHEN YIELDING OCCURS AT AN UPPER YIELD POINT
tion of Equation (7) and Herbert's equation are not valid. Therefore,
the relation between the average strain distribution over a long gage
length and the stress distribution at any particular section of the beam
cannot be determined; and in turn, any theoretically computed mo-
ments corresponding to early stages of yielding in a beam of material
exhibiting an upper yield point cannot be expected to be accurate.
20. Effect of Inherent Stress Concentrations on the Moment-Strain
Diagram.-It is desirable to point out how the considerations set forth
in the preceding section, together with the distribution and relative
magnitudes of stress concentrations, affect the shape of the moment-
strain diagram of the mild steel beam. In order to eliminate one vari-
able in the following discussion, only beams of constant rectangular
cross-section will be considered.
If the material does not exhibit an upper yield point, yielding will
begin in the most-stressed fibers of the beam at a bending moment of
LyI M
magnitude M =-- ; the value - = 1 representing the begin-
c My
ning of yielding is shown at A in Fig. 26. As increasing moments are
applied to the beam, further yielding will occur and the moment-
strain diagram will be of the shape OAFD shown in Fig. 26. For mild
steel beams, these moment-strain diagrams become horizontal after
I
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FIG. 26. MOMENT-STRAIN DIAGRAMS FOR RECTANGULAR BEAMS
yielding has penetrated to, or nearly to, the neutral surface. For a
beam of constant rectangular cross-section, the moment-strain dia-
gram becomes horizontal at a bending moment equal to 1.5M,, since
in Equation (6) M= 1.5M, when ej becomes large.*
The magnitude of the factor of the stress concentration inherent
in the material necessary to cause initial yielding at the lower yield
point in a mild steel tension specimen was assumed, in Section 18, to
be equal to kI. If the inherent stress concentrations in a beam of
constant cross-section have a factor equal to or greater than ki and
are so distributed that none of the most highly stressed fibers finds
it possible to exhibit an upper yield point, the moment-strain dia-
gram will be the same as the theoretical moment-strain diagram
shown in Fig. 26 as curve OAFD. Thus stress-raisers due to surface
roughness may inhibit the appearance of an upper yield point in the
material and consequently make the theoretical analyses of Section
10 applicable.
If, however, the largest factor of stress concentration in the most
stressed fibers of a beam has a magnitude k 2, less than ki, yielding
* See also (1).
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in the beam will not begin until the maximum flexural stress is equal
to -- - ay = - . For this case the moment-strain diagram will follow
k2 ks
the straight line through OA to a greater applied bending moment
ki
equal to -- My before initial yielding causes deviation from the
straight line. The shape of the curve after initial yielding will de-
pend upon the amount by which the applied bending moment which
causes the initial yielding exceeds the value My and upon the magni-
tude and distribution of the stress concentrations in the remaining
elastic regions.
For example, assume k2 to have a value of k ; the most-stressed1.4
fibers will then yield when the nominal computed flexural stress
reaches a value of 1.4ay. Though initial yielding at an upper yield
point in a tension specimen causes the load to drop suddenly to a
value equal to the product of the cross-sectional area and the lower
yield point, initial yielding in a beam does not cause a falling off of
the resisting moment. Hence, localized plastic action does not neces-
sarily limit the magnitude of the apparent or computed upper yield
point that may be developed in some other region of the beam. If
the stress concentration factor k2 applies to the material for only a
very short length along the beam, the initial yielding is confined to
a narrow wedge-shaped plastic region the full width of the beam.
The actual stress in the elastic material immediately adjacent to the
plastic region is ay, whereas at some distance from the plastic region
the elastic stress is 1.4 ay. As the bending moment is increased, yield-
ing penetrates to a greater depth to balance the resisting moment
against the applied moment, and the maximum stress in a section
at some distance from the plastic wedge increases to some value larger
than 1.4ay or until the upper yield point of that material is reached.
Thus, the moment-strain diagram for the given beam will lie in the
area between AEFD and ACD in Fig. 26. In general, the line CD in
Fig. 26 will be the upper limit of the moment-strain diagram when
initial yielding of the material occurs at a bending moment equal
to some value between My and 1.5My. (Corresponding values for the
ki
ratio of the stress concentration factor are - < 1.5.)
k2
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21. Yielding in the Beam At and Above the Limiting Bending
Moment.-The line CD in Fig. 26 is a horizontal tangent at the limit-
ing bending moment for which the theoretical moment-strain diagram
OAD becomes horizontal. The magnitude of the computed flexural
stress corresponding to the limiting bending moment at point D will
be referred to as the "pseudo-yield point." The limiting bending mo-
ment and the corresponding pseudo-yield point for any beam are func-
tions of the cross-section, as is well illustrated by the theoretical
moment-strain diagram for the five beams shown in Fig. 5.
The relative value of the limiting bending moment for a given
cross-section can be studied by considering the stress distributions
shown in Fig. 25. When yielding is impending, the stress distribution
is linear and the stress in the extreme fiber is equal to the upper yield
stress oyu. If the material exhibits an upper yield point equal to the
pseudo-yield stress, the plastic region will penetrate nearly to the
neutral surface immediately and the stress distribution at the section
becomes that shown as OFBA in Fig. 25b. The resisting moments cal-
culated by using each of these stress distributions must balance the
applied moment M. The limiting value of ay can then be determined
by equating the resisting moments calculated for the two stress distri-
butions OCA and OFBA shown in Fig. 25. For any particular cross-
section the limiting value of the bending moment may be expressed as
M = KMy, (9)
where K is a constant whose magnitude depends only on the shape of
cross-section and My is the bending moment calculated by Equa-
tion (4). Values of K may be obtained as ordinates to the horizontal
asymptotes to the curves in Fig. 5.
For the special case in which elastic conditions exist until the
pseudo-yield point is reached (initial yielding at point C, Fig. 26), the
value of the actual upper yield point becomes
ar = Kay. (10)
Now suppose for comparison that a rectangular beam is tested
under ideal conditions and that it is made of a material having an
upper yield point of magnitude 1.6av. For this beam the moment-
strain diagram would remain linear to point B shown in Fig. 26 before
yielding occurs. This point lies above the limiting value of the bending
moment (1.5My) that can be carried by the rectangular beam after
yielding starts; hence the stress condition in the beam is very unstable.
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FIG. 27. PROPAGATION OF HETEROGENEOUS YIELDING IN A MILD
STEEL BEAM AT THE LIMITING BENDING MOMENT
As previously pointed out, initial yielding causes the stress in the
region to drop suddenly from a magnitude of 1.6 ay to ay, and the
plastic region penetrates nearly to the neutral surface of the beam as
shown by the yielded regions in Fig. 27. The resisting moment ob-
tained for a stress of ay in the yielded regions is only 1.5My;
therefore, in order to balance the applied bending moment at which
yielding started, the stress in the outer fibers would be required to
develop a magnitude greater than ua, which will be possible only with
excessively large localized deformation. This build-up of stress in the
yielded regions is unlikely because (as in a tension specimen), instead
of the stress in the yielded region AB (Fig. 27) of the beam increasing
to some value greater than o-y, yielding will progress due to the stress
concentrations at A and B, and plastic regions will spread diagonally
as shown by the dotted lines. Thus for the rectangular beam the
moment-strain diagram will show a sudden drop of resisting moment
at B in Fig. 26 and will become horizontal at a value of 1.5M, until
the whole beam has yielded. For a rectangular beam Nakanishi (1 ) ob-
tained a moment-deflection curve which is similar to curve OBD in
Fig. 26 (see curve 32 in Fig. 28).
For beams of circular cross-section, the value of K in Equation (9)
can be obtained from Fig. 5; it is approximately 1.7. If a cylindrical
beam is tested which contains a stress concentration in the most
stressed fibers sufficient to limit the upper yield point in the region
of the stress concentration to a value of 1.7uy, initial yielding will begin
in the beam at a bending moment of 1.7M y. Subsequent yielding might
then be expected to take place at a constant bending moment equal to
1.7My. However, test data of both Cook (2 ) and Morrison (9) indicate
that a cylindrical beam may in some cases withstand a moment some-
what greater than 1.7M, without causing general yielding, even though
the beam has undergone initial yielding. Thus, the maximum stress
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in the plastic regions developed a magnitude greater than ay. This
build-up of stress in a cylindrical beam is possible because the plastic
condition is more stable than in a rectangular beam by virtue of the
fact that the most-stressed fibers are contained in the very small
portion of the beam where the width and volume affected are a mini-
mum. Furthermore, the cylindrical beam does not contain square
edges to facilitate the branching of the yielding regions and resulting
progression of the plastic action such as occurred in the rectangular
beam. Even though a cylindrical beam may withstand a bending mo-
ment slightly greater than 1.7My in the early stages of yielding, sub-
sequent yielding in the beam causes the upper yield point of the
material in the beam to become more unstable, until the moment-strain
diagram becomes horizontal at a bending moment of 1.7My.
22. Results of Previous Investigations on Yielding in Beams.-The
discussions in the foregoing sections of Part II will be an aid in inter-
preting the results of previous investigations. Before considering such
results, however, it is desirable to point out that the discussions in the
preceding sections of Part II suggest that if two identical members
containing small inherent stress concentrations were tested, one in
tension and one in bending, and if both members exhibited upper yield
points, the member tested in bending would be expected to exhibit
the larger value of the upper yield point. This conclusion is the result
of two considerations. First, in a bending test it is easier than in a
tension test to avoid the conditions of loading (such as eccentricity of
loading) which tend to cause early yielding; second, the nature of the
yielding in a beam, in the presence of the understressed material, tends
to prevent the spreading of the yielding along the beam to a greater
extent than occurs in a tension member.
Thus in members that exhibit upper yield points it may be expected
that the stress at which yielding begins will be greater when the stress
is distributed non-uniformly than when it is distributed uniformly,
although the stress at which yielding starts in any such member would
be expected to be unpredictable and unstable.
In 1931 F. Nakanishi 1)m conducted an extensive investigation to
study yielding in mild steel members. He tested beams of four different
cross-sections, measuring deflection instead of strain; but since cor-
responding values of deflection, curvature, and strain in the most-
stressed fibers are proportional, his moment-deflection curves should
be proportional to the corresponding moment-strain curves. All the
curves of Nakanishi's results shown in Fig. 28 substantiate the concept
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FIG. 28. BENDING MOMENT-DEFLECTION DIAGRAMS FOR
BEAMS TESTED BY NAKANISHI
of the limiting value of the bending moment which was discussed in
Section 21, since initial yielding of the beams began at a stress at or
above the pseudo-yield point.
Using Equation (10) and Equation (4), one can calculate the
magnitude of the lower yield point of the material in each beam in
Fig. 28; the calculated values are given in Table 4. Nakanishi did not
TABLE 4
VALUES OF YIELD POINT COMPUTED FROM FLEXURAL TESTS
MADE BY NAKANISHI
Beam Cross- K •' i'
Section kg. per sq. mm. lb. per sq. in.
I 1.26 25.8 36 700
Square 1.50 25.3 36 000
Rectangle 1.50 24.5 34 800
Circle 1.70 25.8 36 700
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report the value of the lower yield point as determined by a tension
test, and hence a comparison with the values of ay shown in Table 4
cannot be made. It is interesting to note, however, that the computed
values of the lower yield point of the material as determined from the
beam tests were not affected noticeably by changes in the beam cross-
section.
In attempting to explain the phenomena of yielding in beams,
Nakanishi concluded that the magnitude of stress at which yielding
began in a mild steel beam depended on the cross-section of the beam,
and that yielding began at a stress equal to Koy (Equation [10]). It
is felt that this conclusion is erroneous, since the results plotted in
Figs. 9 and 10 show that yielding is usually initiated prior to reaching
the "limiting value" of the bending moment. Thus Nakanishi calcu-
lated a pseudo-yield stress representing a value of an upper yield
point which it is possible to attain only for certain materials under
special test conditions.
G. Cook (2 ), in an investigation conducted on mild steel beams, took
special precautions to eliminate as many stress concentrations as pos-
sible in order to obtain a high value of the upper yield point. He found
the tensile stress-strain diagram of the material to be similar to that
shown in Fig. 29a. Using this stress-strain diagram, Cook reasoned
that as soon as yielding had penetrated to a depth a, the stress distri-
bution in the beam would be similar to that shown in Fig. 29b. In
other words, Cook assumed that the elastic material directly below the
yielded region would yield at a nominal stress equal to the upper yield
point oa,. Thus, his assumption does not agree with the ideas presented
in Sections 18 and 19, wherein it was pointed out that initial yielding
(a)
FIG. 29. STRESS DISTRIBUTION IN BEAM FOR MATERIAL THAT EXHIBITS
AN UPPER YIELD POINT, AS ASSUMED BY COOK
ey"
C,
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causes stress concentrations which in turn cause subsequent yielding
to take place at the lower yield point. On the basis of his assumption,
Cook derived theoretical moment-curvature diagrams for different
values of the ratio ay/u,. which he called tt.
These theoretical curves for three different values of j/ are shown
by dotted lines in Fig. 30. It will be noticed that, although the experi-
mental curves have somewhat the same shape as the theoretical, the
experimental and theoretical curves could not be made to coincide for
any value of tt. This is to be expected, since a theoretical analysis
becomes unreliable if the material in the beam exhibits an upper yield
point. It should be noted, however, that Cook found the moment-curva-
ture diagrams to become horizontal at a limiting bending moment equal
to 1.7My, the value of K in Equation (9) for a cylindrical beam. The
values of the lower yield points of each of the three steels tested in
tension are given in Table 5 along with values of the lower yield points
Ra/io of Cur/va/ur /o Curvai/re al /'e/d Po/7n1
FIG. 30. THREE REPRESENTATIVE MOMENT-CURVATURE DIAGRAMS FOR BEAMS -
ONE FOR EACH OF THE THREE MILD STEELS (A, B, C) TESTED BY COOK
° - xpe'r//en2a/ D 2 a/cr
- - -- -- Cook& T7&eoref//ca/ Curves
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TABLE 5
COMPARISON OF THE YIELD POINTS IW TENSION AND BENDING,
FROM TESTS MADE BY COOK
oy, lb. per sq. in.
Steel Tested
Tension Test Computed fromBending Test
A 30 000 29 600
B 34 000 33 200
C 30 800 31 200
These data provide convincing evidence that the limiting bending moment
in Cook's beams was reached at a value of M= 1.7My, which agrees with the
reasoning advanced in Section 21.
computed from the moment-curvature diagrams by the use of Equa-
tion (4) and Equation (9), using a value of 1.7 for K.
The data obtained by Nakanishia1 ), by Cook1 2), and by Morrisont 9)
have contributed much to an understanding of yielding in mild steel
beams. Their results give the upper limits to the moment-deflection,
moment-curvature, or moment-strain diagrams of mild steel beams,
since their tests were conducted under nearly ideal conditions. Con-
versely, the test results reported in this bulletin for beams made of
material that did not exhibit an upper yield point give the lower bounds
to the moment-deflection, moment-curvature, or moment-strain dia-
grams. For a mild steel beam of rectangular cross-section the upper
and lower bounds of the moment-strain diagram would be the curves
OAFD and OCD of Fig. 26.
In 1939 N. Zhudin( 1 4). conducted tension and bending tests on three
steels whose carbon content ranged from 0.28 per cent to 0.51 per cent.
Three different beam cross-sections were used: circular, rectangular,
and I. Zhudin measured the curvature as well as the strain distribution
for increasing values of the bending moment for each beam tested.
Then by the use of equations similar to those derived by Herbert (10),
Zhudin plotted stress-strain diagrams of the material in the most-
stressed fibers of each beam. The diagrams he obtained were similar
to the curve of solid circles in Fig. 14c, in that the material in each
beam exhibited an upper yield point ranging in magnitude from 1.04a,
to 1.3 8o,. Since Herbert's equations are derived on the assumption of
linear strain distribution, the value of the upper yield points which
Zhudin gave for each beam is probably not the true value; however,
the stress at which the stress-strain diagram became horizontal was
found to be equal to the lower yield point.
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From the results he obtained in the investigation, Zhudin drew
many conclusions; three of the more important are as follows: (a) the
lower yield point in bending agrees with that obtained from tension
and compression tests; (b) the experimental and theoretical determi-
nations of the limiting bending moment agree very well; (c) the shape
of the cross-section of a beam has no influence on the yield point under
bending. Except for further qualifications of conclusion (c), which
is not strictly true for material with a relatively high upper yield point,
these findings of Zhudin are substantiated by the results and analyses
presented in this bulletin. If Zhudin was referring to the upper yield
point, his conclusion (c) was based on tests of a material for which
the upper yield point was not large enough to accentuate the effect
of the shape of the cross-section of the beam.
23. Conclusions for Part II.-The more significant ideas empha-
sized in Part II may be summarized as follows:
(1) For some ductile materials an upper yield point considerably
larger than the usual (lower) yield point can be obtained in a tension
specimen, provided that it has been so prepared that the stress raisers
are very small and provided that it is tested under nearly ideal con-
ditions. The magnitude of the upper yield point is quite variable,
however, depending upon the alignment of the specimen and other test
conditions and upon the intensity of the inherent stress raisers or stress
concentrations in the specimen; the stress concentrations here referred
to arise from slight surface defects, heterogeneous structure, cold
working, etc.
(2) For members made of the same steel and prepared and tested
with the same degree of care, the magnitude of the stress (upper yield
point) at which the first plastic action occurs in a member subjected
to a non-uniform stress distribution would be the same as that in the
member subjected to a uniform stress distribution. However, in certain
tests the upper yield point in bending has been found to be somewhat
greater than that in a tension test of the same material. This may be
explained by the fact that the alignment of the tension specimen in
the testing machine, the radius of fillets, and the rigidity of the testing
machine are factors causing variations in the magnitude of the upper
yield point; they do not have as pronounced an influence in decreasing
the upper yield point in a beam as they do in a tension specimen.
(3) The magnitude of the greatest upper yield point that can be
developed in a beam under ideal conditions is influenced by the shape
of cross-section, which determines the upper limiting bending moment
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for which the beam is stable after initial plastic action. For a beam of
a given cross-section there is little instability after initial plastic action
occurs at the upper yield point until the bending moment approaches
the limiting moment at which the theoretical moment-strain diagram
for that beam cross-section becomes horizontal as shown in Figs. 5
and 26.
(4) It may be said, therefore, that in a mild steel beam made and
tested in such a way that the material exhibits an upper yield point,
the "elastic" stress in the most stressed fibers can reach a value greater
than the usual (lower) yield point as found from the standard tensile
test. However, this higher elastic stress is unpredictable and unstable,
as noted in the previous conclusions.
In addition, therefore, to the misinterpretation of test data (see
conclusion 4 of Part I), the upper yield point phenomenon is a factor
which must be considered in explaining the higher values that have
been reported for stresses at which yielding began in members sub-
jected to non-uniform distribution of stress.
APPENDIX A
THE STRESS-STRAIN RELATION IN THE OUTER FIBERS OF A BEAM AS
FOUND FROM THE MOMENT-CURVATURE OR MOMENT-
STRAIN DIAGRAM FOR THE BEAM
H. HerbertO'1 ) in 1910 derived two equations for determining from
a moment-curvature diagram of a straight beam the stress-strain re-
lation for the most-stressed fibers in tension and in compression, it
being assumed that the stress-strain relation for the material was
different in compression from that in tension, and hence that the
equations would be applicable to the results of tests of cast iron beams
for which they were derived.
FIc. 31. THEORETICAL STRAIN
DISTRIBUTION IN A
RECTANGULAR BEAM
In the derivation the assumption was made that the strains of
the longitudinal fibers of a beam are proportional to the distance of
the fibers from the neutral surface, for both elastic and plastic strains.
The equation expressing the relation between the stress and the strain
for the outer fibers in the special case of a beam having a rectangular
cross-section and made of material for which the tensile and compres-
sion stress-strain relations are assumed to be identical may be obtained
as follows.
In Fig. 31 let the width of the rectangular cross-section be b; let
the depth be h; and let c = 1/2h. The stress and the strain in the outer
fibers at any cross-section are denoted by a, and e1, respectively, and
the bending moment at the section is denoted by M. At any distance
z from the neutral axis the strain is e, and the corresponding stress
is a, where a is a function of e. Thus
S= f(E). (1)
!
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Similarly for the outer fibers,
-1 = f(e-). (2)
The desired relation between ao, ei, M, and the dimensions of the
beam may be obtained by the use of Equation (1) and Equation (2)
and the equations of equilibrium. The equations of equilibrium for
the beam are
f dA =0 (3)
-c
fazdA = M. (4)
J-c
Since the cross-section of the beam is symmetrical about the neutral
axis and since dA = bdz, Equation (4) may be rewritten as follows:
f M
azdz -= (5)
The values of z and dz in Equation (5) can be expressed in terms of
the strain, since the strain in any fiber can be obtained in terms of
z, c, and el. This relation is
z e
- -(6)
C E1
cde
dz= - . (7)
By substituting these two equations in Equations (5) the following
equation is obtained:
ed = ---- (8)
o 2bc2  -
By using Equation (1) and letting F(e) = ef(e) = ae, one may write
Equation (8) in the form
F( bc)d = (9)
The function F(e) is not known, and hence the above expression can-
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not be solved directly by integration. A solution can be obtained,
however, by making use of the derivative of Equation (9) with re-
spect to El. This derivative may be written as follows:
-- F(e)de - (10)
aE a cl 2bc'
or
aM
2eiM + e-2-
0 G(<) = (11)
e1 L 2bc2
but
a a
-- G(ei) = F(E) = aiEi, and -- G(o) = 0;
therefore
aM
2E1M + ei -
0IE = 2bc- (12)
or
OM
2M + ei-
S=  2bc2  (13)
Equation (13) is the desired equation, since all the quantities
on the right-hand side of the equation can be easily determined
from a test of the beam in which a curve giving the relation between
the bending moment M and the strain el in the outer fibers is found.
This equation, however, is applicable only under special conditions;
namely, the beam must be rectangular in cross-section and the stress-
strain relation of the material must be the same in compression as
in tension.
The original equations derived by Herbert for the more general
case are as follows:
aM
2M + k--
ak
S= - (14)
bh
ak
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OM
2M + k--
ak
C2 = 2 , (15)
8E2
bh--
9k
where k is the curvature, or and e, are the stress and the strain,
respectively, in the most stressed tension fiber, and 02 and E2 are the
stress and strain, respectively, in the most stressed fiber on the com-
pression side of the beam.
By an analysis similar to that given above, a relation can be
found between the shearing stress 7r in the most-stressed (outer)
fibers of a solid cylindrical torsion member; the torque, T; the angular
twist, 0, per unit length; and the radius of the cylinder, r. The rela-
tion is
aT
3T + 0--
aO
7' = - - (16)
A similar analysis of yielding in beams and in cylindrical torsional
members is given by Upton ( 12 ) .
APPENDIX B
THEORETICAL MOMENT-STRAIN DIAGRAM FOR A CYLINDRICAL
BEAM AS DERIVED FROM THE STRESS-STRAIN
DIAGRAM OF THE MATERIAL
In Section 10, a theoretical moment-strain diagram of a rec-
tangular beam was derived by assuming that the strain distribution
in an overstrained beam is linear and that the stress in any fiber of
the beam can be read from the stress-strain diagram of the material.
Using these assumptions one may derive the theoretical moment-
strain diagram for a cylindrical beam made of a material which has
a stress-strain diagram similar to that shown in Fig. 32a; this stress-
strain diagram was used in the theoretical analysis of Section 10.
S/ope =1n2
/ ' Tens//e a/ad Comressi/ve
l / ! *Sfress-Stra6?7 l//'9"riy,57
S/o0IE
4E
in Beam i7 Bem (a')- Cross-Sec/'on of gBam
FIG. 32. THEORETICAL STRESS DISTRIBUTION IN AN OVERSTRAINED BEAM
The beam shown in Fig. 32 is subjected to a bending moment M
of sufficient magnitude to cause yielding to some depth a. The strain
in the extreme fibers is el and the depth of yielding a is the depth in
the beam at which the strain is e,; the stress a, at the depth a and
the stress o-, in the extreme fibers are obtained from the stress-strain
diagram and are shown in Fig. 32c.
Since the stress distribution on a cross-section is symmetrical
about the neutral surface, the resisting moment can be obtained by
considering only one quadrant of the beam cross-section. In Fig. 32d
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consider the differential area dA = bdz shown at a distance z from the
neutral surface. In integral form the resisting moment is
M = 4f azbdz, (1)
where a is the stress in the fibers at a distance z from the neutral sur-
face. But o is a function of z; and since this function is not continuous
at the point z = q (q = c - a), Equation (1) becomes
M
= o-'zbdy + f c"zbdy. (2)
4 qJ
The following expressions are obtained by inspection of Fig. 32b, c, d:
o = - (3)
q
a" = ay + nE (e - e~) = (1 - n) a, + nz -- (4)
q
b = V c2 - z2. (5)
Substitution of (3), (4), and (5) in (2) gives
M oU, r ,
-- =-- z2  c2 -z 2 dz + (1 - n) z V c2 - 2 dz
4 g J
+ -- /z c2 - z2 dz. (6)
q
Integration of Equation (6) and subsequent division by My = 14rc'-y
results in the equation
M 1-n - 4( q2
My 3 c2e
_ 
2  
c c
+2 -- +2-arcsin- +-n-. (7)
c
2  q q
But
q e,
C e1
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The theoretical moment-strain relation for a cylindrical beam, there-
fore, is obtained by substituting Equation (8) in Equation (7). The
equation is
M 1 - n f4 E 2i
My 7 ~3 
-E - 2
S e 2  € 1 Ey 1e
+2 1--- +2- arc sin -- + n--- (9)
E1
2  Ey E1 Ey
Equation (9) is represented in Fig. .5 for the case in which n equals
zero.
If, instead of a solid cylinder, the steel beam has the form of a
tube (hollow cylinder) in which c is the outside radius and ci the in-
side radius of the tube where ci= kc, Equation (10) will apply pro-
vided that the depth of yielding is less than c-cl or El/Ey is less than
or equal to 1/k:
M 1 1-n \4 1 E
My 1 - k4  T 3 ei2 /
! yI. E Ey 6, (10)1
2 1 - - 2--arsin-- + (n - k) . (10)
S E12 Ey I1 ty
For Ei/e, greater than or equal to 1/k, the equation becomes
M 1 1- n [4 Ey _2 _ (4 Ey -_
My 1 - k4  r 3 eI2  3 \ E 12l/
/ y
2  
ey
2  
1 Ey
+2 1 - 2k02 k2  + - 2 -- arc sin --
El 2  E12  Ey E1
El 1 Ey E1
- 2k 4 -- arcsin--- +n-- . (11)
Ey k El Ey
Equations (10) and (11) are represented in Fig. 5 for the case in
which n=0 and k=0.75.
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